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Abstract 

We study IR/UV mixing effects in noncommutative supersymmetric Yang-Mills theories 
with gauge group U{N) using background field perturbation theory. We compute three- 
and four-point functions of background fields, and show that the IR/UV mixed contribu- 
tions to these correlators can be reproduced from an explicitly gauge-invariant effective 
action, which is expressed in terms of open Wilson lines. 
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1 Introduction 



Quantum field theories on noncommutative spaces have attracted a lot of attention in 
the last few years. Part of this interest is motivated by the fact that noncommutative 
gauge theories appear as the low-energy limit of open strings in the presence of a constant 
B field [1-4]. Noncommutative theories are also very interesting from the purely field 
theoretical perspective, as they manifest novel features compared to their commutative 
cousins. The most interesting one is probably infrared/ultraviolet (IR/UV) mixing [5,6].^ 
Contrary to naive expectations based on commutative intuition, the high-energy degrees 
of freedom of noncommutative theories in general affect the physics at low-energy. In 
perturbation theory, the loop integrals in the planar sector of the noncommutative theory 
are exactly the same as in the commutative counterpart, which implies the same structure 
of divergences and same counterterms of the commutative theory. However, nonplanar 
diagrams are multiplied by phase factors of the form e^^'^'^, where k are external momenta 
and p are loop momenta. This phase factor improves the UV- convergence of nonplanar 
diagrams, and typically renders them finite. But in the IR limit of the external momenta, 
]^ ^ _i, nonplanar diagrams become divergent and this is now an 

IR-divergence. This dramatically invalidates the naive expectations about a universal 
behaviour in the infrared for commutative and noncommutative theories, and the infrared 
regime of a noncommutative theory is in general different from that of its commutative 
counterpart [5,6]. 

To explore this point further, in [9, 10] the low-energy wilsonian effective action for 
a large class of supersymmetric and non-supersymmetric theories was computed. The 
result was that, in the low-energy effective action, the U{1) degrees of freedom decouple 
from the SU{N) part, with IR/UV mixing affecting only the U{1) part of the gauge 
group [10]. The leading order terms in the derivative expansion of the wilsonian effective 
action read [9, 10]: 

where the coefficients in front of the gauge kinetic terms in ()1.1|) define the wilsonian 
coupling constants of the corresponding gauge factors. The running of the U{1) has the 
following asymptotic behaviour [9,10]: 

1 , «o , _ , 2 



gm (47r) 



logfc^ (1.2) 



where the plus (minus) sign corresponds to /c^ — > cxd [k^ — ^ 0), whereas for the SU{N) 
gauge factor we have, in both limits, the usual (UV asymptotically free) running: 

^ loge . (1.3) 



gm (47r) 



^For recent reviews of noncommutative theories and their relation to string theory, see [7,8]. 



1 



In the previous expressions ()1.2j) . j3o is the first coefficient of the microscopic /3- 

function, and is a positive constant whose numerical value is determined by the field 
content of the theory, e.g. ao = /3o = 3A^ for pure U{N) M = 1 super Yang-Mills (for more 
general situations see ()5.4|1 and [9-11]). The change in the running of the U{1) coupling 
in ()1.2j) is the manifestation of the IR/UV mixing, and occurs at a scale k'^ ~ where 
M^c ~ 0~^/'^ is the noncommutative mass.^ 

In any non-supersymmetric theory, quadratic divergences appear in the gauge field po- 
larisation tensor which would change the photon dispersion relation [6] , and hence threaten 
the renormalizability of the theory. Interestingly, these quadratic divergences cancel in 
any supersymmetric theory, and in these theories we are left with the logarithmic infrared 
divergences in the effective U{1) coupling encoded in ()1.2j) [6,9]. Hence, supersymmetry 
appears to be a necessary ingredient for a noncommutative theory to be consistent [5,6,9]. 
For this reason, from now on we will fix our attention on supersymmetric theories. 

The peculiar behaviour discussed above for the U{1) effective coupling constant was 
interpreted in [11] as having a full noncommutative U{N) gauge theory in the ultraviolet, 
which in the low-energy limit appears as a commutative SU{N) theory, with the U{1) 
degrees of freedom which become progressively more weakly coupled (i.e. unobservable) in 
the infrared. In the same paper, a mechanism for supersymmetry breaking was suggested 
where the U{1) degrees of freedom act as the hidden sector, breaking supersymmetry at a 
scale potentially much lower than the noncommutativity scale, and eventually becoming 
unobservable in the infrared due to the IR/UV mixing. This IR/UV mixing therefore 
acquires the status of a very welcome feature of noncommutative theory, rather than 
being a field-theoretical illness of it. 

The expression JIIH) for the effect ive action would suggest that the noncommutative 
U{N) gauge symmetry is broken at low energy; despite appearances, this is not the case. 
In [12] it was argued that the full one-loop effective action for the Af = 4 theory is gauge 
invariant (see also [13-15]); nonplanar diagrams give gauge-noninvariant contributions to 
e.g. the four-point function, but in the Ward identities these terms are precisely cancelled 
by gauge-noninvariant terms in the five-point function [12]. This mechanism of cancella- 
tions between different n-point functions is quite a clear clue for the presence of Wilson 
lines in the expression for the effective action. Indeed, in [16,17], a gauge-invariant com- 
pletion of ()1.1|) was proposed which involves open Wilson lines [18-20]. It was conjectured 
in [17] that the the IR/UV mixed contribution to the effective action of a supersymmetric 
gauge theory can be reproduced by the following U{N) gauge-invariant term: 

where the gauge-invariant operator Ofj_y is defined by 

= TtJ d\ U (f^.(x) ei'o"'^^"^-(^+^'^)) * e^P^ , (1.5) 
^We summarise our notation and conventions in the Appendix. 
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and stands for integration along the open Wilson line together with path ordering with 
respect to the star-product [21]. The matching of ()1.4|) with the analytic results [9] for 
the U{1) effective coupling constant l/gf{k) of p.2|) determines the function T{p) and 
the numerical constant C appearing in ()1.4|1 . One easily finds that 

np) = ^ ^ dx MVxil - x) \p\ \p\) , (1.6) 

where Kq is a Bessel function, with Ko{z) — log(z/2) as z ^ 0. Moreover, C = 2ao/N, 
where ao is defined in ()1.2|) . 

In this paper we would like confirm the interesting conjecture of [17] with an explicit 
field theory calculation. To start probing the presence of the Wilson line operator in 
we need to calculate an n-point function of gauge fields with n > 3; for this reason, 
we will concentrate on the cases of three- and four-point functions of background fields. 
Our formalism is, however, general, and allows in principle to calculate generic n-point 
correlators. We will focus our attention on a generic A/" = 1 supersymmetric field theory 
with A^f adjoint chiral multiplets^ and make use of the background field method. The 
case A^f = corresponds to pure A/" = 1 super Yang- Mills, whereas for A^f = 1, 3 we have 
the M = 2 and A/" = 4 theories, respectively. The results of our computations confirm the 
presence of the term p.4|) in the effective action. However, our results also show that we 
need to include another term S),^ in the effective action, which can be written as 

where 

Of2{p) = Tr^ d^x (^F^^(x)F^^(x)e^orf"^''^''(^+^") * e*^'^) , (1.8) 

and W'(p) denotes the open Wilson line operator W{p) with the 0{A^) term subtracted, 
where, in our conventions 

W{p) = Tr y d^x (^e^o'i-p''M='+P-)^ ^ e'^"" . (1.9) 

is manifestly gauge invariant, and again contains open Wilson lines. 

The appearance of the term S'^^ in ()1.7p is not unexpected. Indeed, similar contri- 
butions were predicted in [23], where a wilsonian calculation of the effective action was 
performed using the matrix model approach to noncommutative gauge theories. Similar 

■^We would like to remind the reader that the vacuum polarisation tensor, and therefore the wilsonian 
coupling constant, receive nonplanar (i.e. IR/UV mixed) contributions only from fields in the adjoint 
representation. Fields in the fundamental representation do not contribute to the IR/UV mixing [9], and 
are therefore irrelevant for our analysis. This circumstance was first noticed in noncommutative QED 
in [22]. 
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results were also obtained in [24] using the bosonic world-line approach.^ In the first 
version of this paper we proposed to use the following expression, instead than ()1.7|) : 

~^'^^ = -'-A /^^2(-^i'-^2)^'^^OM.(gi + g2)T(gi + g2) , (1.10) 

where 

g) = Tr y [F^,{x)F^''{x)e^>^'^-^^+^'''^ ^ e'^^^ ^-^^^^^ ■ (I-H) 

The interaction term in ()1.10j) . though manifestly gauge invariant, is not satisfactory as 
it stands, since 9^^ appears in p.lOj) not only inside the Wilson lines but also explicitly. 
This, in turns, would render its interpretation from the D-brane perspective very difficult. 
It is easy to check that, once we expand the Wilson line in ()1.7j) up to 0{A), this term 
contributes to the three-point function in the same way as the term in ()1.10|1 does. Indeed, 
we will show that ()1.7p and ()1.10|) both produce a contribution to the three-point function 
which is in precise agreement with the direct calculation in the microscopic theory. Of 
course, at the level of four-point functions p.7|) and (jl.lOp start producing contributions 
which are different. By comparing the perturbative result for a /owr-point function to the 
corresponding result derived from the effective action, we will be able in the next sections 
to confirm that ()1.7|) is the correct expression to be incorporated in the effective action 
(rather than ()1.10|) ). as also suggested by D-brane physics [23]. 

Let us mention that it would be very nice to have complete control on generic n-point 
functions (or at least on the IR/UV mixed contributions), and use this knowledge to 
derive the full low-energy effective action. An interesting and simple way to evaluate 
the IR/UV mixed quadratically divergent contributions (the poles) of generic ri-point 
functions in a U{1) non-supersymmetric gauge theory was devised in section (3.1) of [17]. 
Unfortunately, simplifications similar to those exploited in [17] seem to be lacking in the 
case at hand.^ It would be interesting to apply the bosonic worldline approach, used in [24] 
for non-supersymmetric theories, to the case of supersymmetric theories considered here, 
and see if that formalism would lead to more tractable expressions than those obtained 
using conventional background perturbation theory. 

The plan of the rest of this paper is as follows. In section 2 we will obtain the 
contributions to the three- and four-point functions of gauge fields from the terms S^^^ 
and S'gg in the effective action, Eqs. ()1.4|) and ()1.7|) . respectively. Sections 3 contains 
the set-up for the application of the background field method to noncommutative gauge 
theories, and our Feynman rules. Using the background field method, we calculate in 
section 4 the three- and four-point functions of background fields. In section 5 we compare 
the perturbative results derived in section 4 to the result obtained in section 2 from the 

"^We thank Adi Armoni and an anonymous Referee for pointing the papers [23,24] to our attention. 

^The quadratic divergences in the effective action generated by IR/UV mixing are not present for the 
case of supersymmetric gauge theories, where we are left only with logarithmic divergences. These are 
more difficult to extract from the Feynman diagrams expressions. 
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effective action, finding agreement. For otlier related work on noncommutative tlieories, 
see [7,8,27-44] and references tlierein. 

Before concluding this introduction, we would like to mention that IR/UV mixing 
also appears [25] in the recently discussed field theories on non( ant i) commuting super- 
space [26]. Again, the resummed effective action appears to contain open Wilson lines in 
superspace [25]. 



2 Three- and four-point functions from an effective 
action with Wilson lines 

2.1 The three-point function 

We begin by calculating the contribution from the effective interaction in ()1.4|) to the 
three-point function 



n 



f2.11 



In order to calculate the contribution from ()1.4p we need only to expand the expression 
for Ofj_i^{p) in ()1.5p up to order A^. We then Fourier transform and use ()A.6|) and ()A.3|1 . 
to get: 

o,Ap) = hAp) + q^Hp) + q^^Xp) + oiA') , (2.2) 



where 



If^uip) 
q^Jip) 



(2.3) 



zA^{q)A^{p-q) sin- 
4 



[M-q.Atmip-A^p-q))^'^^'^/'^ 



(2vr) 



qp 



Using ()2.2|) . we get the following contribution to the three-point function from the effective 
action S^^ of (HH): 



■^ABC 



'^<=ft V 2 



^fi,up 



+T{k2) k2,PS + hpPup + (^2^3) Ql. 



+T{k,) kpP;^ + huPfp + {k,h) Ql,. 



(2.4) 



where we have defined 

PJiu '■— ■ k-') — k^fjkl , Q]),iJ.u '■— ^pf^^l — dpyk^^ . (2-5) 

In a similar way we can calculate the contribution to the three-point function from the 
term 5*^^ in p.7|) . obtaining: 

Tt^,'{hMM)\si^^=^cJ^ sin(W2) (2^)4 ^(4)(^^ ^ ^ (2.6) 
2.2 The four-point function 

In this section we compute the contributions to the four-point function obtained from the 
effective action S^^^ and S'^g given in ()1.4|) . ()1.7p . respectively. For the sake of simplicity 
we will restrict ourselves to the case of noncommutative U{1) gauge group, and compute 
the four-point function 

T^,p.{k^MMM) ■■= yn e^S'-^>^> {A^{x,)A,ix,)Ap{x3)A„ix^)) . (2.7) 

The result for T^^p^^ki, k2, k^, k^) is better expressed in terms of the quantities J2(^i, ^2) 
and J^iki, k2, k^) introduced in [21] (see Appendix B of that paper), where 

gin hh. 

Uk,M) = (2.8) 
2 

sin ^ sin MktM fciia sin MkhM 

h{kuk2,k^) = — + --^^ — . 2.9 

^ ' ' ^ (fci+fc2)fc3 fcl(fc2+fc3) (A:i+fc2)fc3 fc2(fci+fc3) ^ ^ 

2 2 2 2 

Not surprisingly, the functions ^2(^1,^2) and J^^ki, k2, k^) [21] arise in the context of 
noncommutative effective action for the one-loop term in A/" = 4 super Yang- Mills. 

In the same way as it was done for the three-point function, one finds that the con- 
tribution to the four-point function generated by the term ()1.4p is given by the following 
expression: 

rp,pAki,k2,k3,h)\ w ={27T)U^^\h + --- + h)\2T(ki) ■ (2.10) 

cff' V 

-J2{k2,k4) + kf,Qi 



-T{k4)Mki,k2,k3) 



p41 U U I p42 Li U , p43 U U 
fia "'u '^p ^ ^ ucr ^fi'^p ' pa '^p, '^u 
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-T{h + k2] 
1 



^^^2 ^3^4 1 ~ ^ 

sin — ^ sin — ^ + + k2)u{h + ^4)a J2{ki,k2)J2{h, k^) 



^^^^ "3 + ^4)<7 ^2(^3, ^4) + \ q\ „aSU\^^{ki +k2)v J2{ki,k2) 



+ permutations | . 



Notice the appearance of the function Jziki, k2, k^) in the previous expression ()2.10|) . 

We now compute the contribution to the four-point function derived from the term 
()1.7|) . After some straightforward calculations, one gets: 



T^upa{kiM, ks, A;4)L(2) = (2^)^ 6^^\ki + • • • + ^4) | 2T{h) kt 



-QlL,pu^^Mk2, ks) cos 



kik. 



kik^ 



2 Ql,pp-^Mki,k3)cos 



k-ik 



2«'4 



2 -P./^'^ 2 
fci/cs 1 



J2(A;i, k2) cos 



(2.11) 

^3^4] 



2 

^2^3' 



+\ Pll kt Ukz. k,) cos ^ + ^ ^4 cos ^ + i P^s ^4 ^ 



1 r 



/C3/C4 



+ A;2) J2(A;i, ^2) cos ^(fci + A;2)^(A:i + k2),P!j + 



T{ki + kMkuks) cos '^{h + h)p{ki + h)pPlt + 



T{ki + k4)J2{ki, ki) cos ^ (fci + ki)^{ki + k/^)^?^'^ + permutations | . 



3 A lightning review of the background field method 

We will now apply the background field method to the study of correlators in a generic 
noncommutative theory with gauge group U (N). Our analysis follows closely the approach 
of [9], to which we refer the reader for details of the application of the background field 
method to noncommutative theories. 

We will decompose the gauge field as = + Q^, where is a slowly vary- 
ing background field, and represents the high-energy fluctuations. After functionally 
integrating over the high-frequency fields, we are left with an effective action for the 
background fields B^. Importantly, this effective action is invariant with respect to gauge 
transformations of the background field, B — > VL{B + d)Vt\ where VL is an element of the 
noncommutative U{N), fl := e"^'^"*. 

The action functional which describes the dynamics of a spin-j noncommutative field 
(j)m,a in the representation r of the gauge group in the background of B^ has the general 
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form [9,45] 

= - jd''x(l),n,a^{-D\B)S,nJ'''' + 2liFp%JZ)^(l)n,b 

= - Jd'^X ^rn,a-^[^j,rTr^n-^Kb ■ (3.1) 

Here a, b are indices of the representation r of noncommutative U{N), F'^^ = ^^^^ P^^^ab^ 
and m, n are spin indices and J!;^^ are the generators of the euchdean Lorentz group 
appropriate for the spin of the field 0, i.e. J = for spin fields, J^^ = i (5^ 5^ — 6^ 5^) 
for vectors, and [J^'^]^ = f W'^'']a Weyl fermions. 

We consider a generic supersymmetric theory with adjoint chiral multiplets, therefore 
we only need to know the action of Aj j. on adjoint fields. In this case, it easy to see from 
()3.ip that Aj^G -k (j) gives 

A,,o*</) = -d^-[{d,B,),c^l-2 [B,d,,ct?^-[B,, [B,,ct>l]^+2i Qj'^^ K,^],) • (3.2) 
The one-loop expression for the effective action reads [9] 

S,s[B] = fd^xTi F;^, * F;^^ - J2 log det.A,, r . (3.3) 

The sum in fl3.3|l is extended to all fields in the theory, including ghosts and gauge fields. 
aj is equal to +1 (—1) for ghost (scalar) fields and to +1/2 (—1/2) for Weyl fermions 
(gauge fields). Finally, the functional star-determinants are computed by 

log det^Aj- r = log det^ [-d^ + /C(5)j- r] (3.4) 
= logdet,(-92)+trJog [l + (-92)-i/C(B),,r] . 

The first term on the second line of ()3.4|) contributes only to the vacuum loops and will 
be dropped in the following. The second term on the last line of fl3.4|) has a full expansion 
in terms of Feynman diagrams, and on this term we concentrate our attention. 



3.1 Feynman Rules 

We follow the conventions of [10], whose Feynman rules we will use. We only need to 
compute one additional interaction vertex, which originates from the commutator term 
in the field strength appearing in the last term of ()3.2|1 . Using ()A.6|1 and ()A.3j) this 
term can be written as: 

2^T.jd^.-,j^^.iiBMi - /|^|lll(S^(2-)^^^i^'+^^+^^+^: 

■ <^^(p')5,^(g)i?.^(g2)</>^(p)pJ-^(-rf^^^sin(^) +r^^cos(^) 

>^^cos(f^)+rf^^^sin(|^) 
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P,C ; 




^{2p + k)^ (-d^-Sin(|)+r-^cos(|)) 



■if 



COS 



cBHA 



2 

P1P2 



Figure 1: Feynman rules for U{N). The wavy lines represent the background fields, the 
dotted lines the high-virtuality fields. 



The complete set of Feynman rules is shown in figure ^ 

We denote by a triangle and a star the so-called " J-vertices" , second and fourth line in the 
Feynman rules of figure Q respectively, which are specific to the background field method. 



4 Perturbative calculations in the microscopic theory 

We now move on to the background field method computation of Green's functions in the 
microscopic theory. For convenience, we present the three-point function and four-point 
function calculations separately. 



4.1 The three-point function of background fields 

We start with the calculation of the three-point function of background gauge fields 
T^^^ {ki, k2, k^,) defined in ()2.1|) . To this end, we will need to expand the logarithm 
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(2a) (2b) 
Figure 2: Feynman diagrams with no J -vertices. 

in up to three powers of the background field. The resulting Feynman diagrams are 
shown in figures I21IS1 (where we do not draw permutations of the diagrams). 

The Feynman diagrams can be conveniently classified according to the number of 
J-vertices they contain. Diagrams with no J-vertices, represented in figure |21 give a 
vanishing contribution to the correlator. This is because each of these diagrams gets a 
factor of Tr Ij = d{j) from the trace over spin indices, where d{j) is the number of spin 
components of the field, d{j) = 1 for scalars, 2 for Weyl fermions and 4 for gauge fields, 
respectively. We focus only on supersymmetric theories, where the cancellation between 
fermionic and bosonic degrees of freedom implies that 

Y^a,d{j) = 0. (4.1) 

j 

Therefore, each diagram which no J-vertices vanishes separately when it is summed over 
all the fields in the theory. Similarly, diagrams with exactly one insertion of the J-vertices 




(3a) (3b) (3c) 



Figure 3: Feynman diagrams with a single insertion of J-vertices (denoted by a triangle 
and a star). 

(figure Ej) vanish, since the trace over spin indices gives Tr J^*^ = 0. 
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With these simphfications, we are left with the diagrams of figures ID and El which we 
now compute. We will calculate these diagrams in a low-energy approximation where the 
background fields have a much smaller momentum than the cut-off for the fluctuating 
fields, so that kikj — >■ 0, while we keep kikj finite [12,14,15]. This low-energy approxi- 
mation has the great advantage that all of the integrals over the loop momentum can be 
performed explicitly [13,14] (see also the discussion after ()4.11|l ). 

We first consider diagrams with two J- vertices, represented in figured The contribu- 



p + ki 





^ p + ki + k2 



(4a) 



P 



(4b) 




Figure 4: Feynman diagrams with two J -vertices. 
tion to the correlator V"^!^^ {ki, /c2, k^) from diagram (jl^) is: 



7 TT fcl 



p2 [p + 



COS 



(4.2) 



where the sum is over all the fields in the theory. We can simplify the products of (i's and 
/'s in ()4.2|1 by using the relations derived in (2.8)-(2.11) of [32]. In addition, the product 
of J's can be rewritten using 



(4.3) 



where 



C{j) = forscalars. 



forWeyl fermions, 2 for vectors. 



(4.4) 



The remaining integrals can then be evaluated by first writing the sines and cosines in 
terms of exponentials, and then using 



d^p 

{2tiY p^{p+kf ^ (4^ 



dx Kn(VA 



^ T{k) 



(4.5) 
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where A = x{l—x) and the function T is the same as in (jl.fjj) . In this way, the contribution 
to the three-point function from diagram (^) (and its permutations) becomes: 



[T^^f^ikuk2,h)U. = 4z(j]a,C7(j)) v^(27r)V^)(A;i + fc2 + A:3) sin( 



(4.6) 



Diagram ^p) contributes to the correlator T^^^{ki, k2, k^) as: 
Ai «i Tr {r'J^')^ (27r)^5(4)(A;i + k2 + k^) 

3 



dp 

(^ fc2.fc3,(2p + k,), -^^p^k,)Hp+k, + k2r 



JGBF ■fk2{P + ki] 



-c/^^^ sin 



cGBF ^^^l'k2{p + ki) 



+ t"' COS 



.d^CH^^fk.{P+k, + k2] 



iCH fk2{p + ki + k2 



(4.7) 

First, we rewrite sines and cosines in terms of exponentials in the same way as for diagram 
(^). We will then need to evaluate integrals of the form 



(2txY p\p + PY{p + [3 + 



(4. 



In the background field method, we integrate out highly fluctuating momenta; here, it 
will be extremely convenient to integrate momenta above an infrared scale /i. Effectively, 
this amounts to introducing a small mass term //^ in each propagator, so that (j4.8j) is 
turned into 



L(a,/3,7) 



d'^p 



(27r)4 (p2 + [(p + f3)2 + ^2] [[p + f3 + j)2 + ^2] 

Introducing Schwinger parameters, we can recast this integral as 

d'^p 



(4.9) 



L(a,/3,7) 



(2vr)^ Jo 
d'^p 



i^^r Jo 



dui e^P'^e"''^'-^ "^'^ -'""^^^^■^'^^ "^'^^ (4-10) 



dai exp(— a/i^) exp i[l (/3a2 + «3(/5 + 7)) ]a 



exp 



at^ + — (^-ai {a2 + as) - 03 (ai + ^2) 7^ - 2aia3/?7 j 



where a = ai+a2+a3 and I = p+- [[3a2 + 03 (/5 + 7)]. Following [14], we change variables 
to = ai/a and add a new integration variable A with a delta function, 5 {X — 'Yli^i)- 
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After performing the loop momentum integration, we obtain: 



Jo (47r) Jo Jo 

. g-A[6(l-€i)/3'+6(l-«3)7'-2«i53/37] _ (4^;l1) 

In the low-energy approximation we are considering, where kikj while kikj is kept 
finite, the integration becomes feasible [13, 14], and the results for the required cases are: 

L(a,a,7) = M{fi\a\)i——, ^ , (4.12) 



L{a,P,a) = M{fi\a\)(z-^ + -—^] , (4.13) 



and the case where a 7^ /3 7^ 7 but a + /3 + 7 = 0: 



|i(-./3,7)U+,.„ = A/(H*l)(:^ + g^) , (4.14) 



where we have defined 

M(/i|a|):= T-^ e-V(4A)-A.^ . (4.15) 
Jo (47r) 

We also need a variant of the L integral with an extra power of in the numerator. We 
calculate this by noting that 



(27r)4 p2(p + ^)2(p + /5 + ^)2 J (2vr)4 p2(p + ^)2(p + ^ + ^) 

After some algebra, the contributions of diagram ^p) and its permutations to the three- 
point function becomes, in the low-energy approximation we are considering: 

[^Z''{kiMM)]^^ = 8^V2N a, C{j)) '^^^f'^^ (2vr)^^W(A:, + k, + k,) (4.17) 

Ip-"^ [mMH) 5^°5^^ + M,(/i|^2|) rt^^ + M,(/i|^3|) 



P^i3 [mMH) 5^°5^^ + M.(/i|A;2|) 5^V^ + M,(/i|A;3|) 



where M^(;z) := (dM/dz^)(z). Since M^(z) = (2^/2) 5(2), where 



S{z) = j^Koiz) , (4.18) 
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we can finally recast ()4.17|1 as 



Pll {KS{f^\~ki\) S^^^"" + hpSifilhl) S^^^"" + hpS{fi\h\) 
The last diagram to compute is shown in figure It is easily seen from the Feynman rule 



p + k 



p 



k2v^ 



^ p + ki + k2 




Figure 5: This diagram contains three insertions of the triangle J -vertex. 

of the "triangle" J-vertex that this diagram gives a subleading contribution in the low- 
energy approximation kikj and kikj finite, when compared to the diagrams ^p) 
computed so far, hence we will discard its contribution. Summarising, the full three-point 
function is obtained by adding up the results ()4.6|) and ()4.19p . 



4.2 The four-point function of background fields 

In this section we present the calculation of the four-point function of background fields 
in the microscopic theory. The computation proceeds in much the same way as that of 
the three-point function presented in the previous section. For simplicity, we will limit 
ourselves to the case of gauge group U{1). 

As in the three-point function case, only diagrams with at least two insertions of J- 
vertices give a nonvanishing contribution (in the supersymmetric theories we are interested 
in). Furthermore, terms in the effective action expressions without the functions P oi Q 
(defined in ()2.5p ) must arise from diagrams containing no powers of external momenta in 
their vertices. The only such candidates are therefore the diagram shown in figure 6 and 
its permutations. The expression for this diagram is proportional to: 

4(5/^-5^P - d^Pd"") sin (^kjt^ sin (^^3^4) T{ki + ^2) . (4.20) 
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Figure 6: This diagram contains two insertions of the star J -vertex. 




Figure 7: Feynman diagram containing a single insertion of the star and of the triangle 
J -vertex. 



We now consider the Feynman diagram in figure 7 (and its permutations). This diagram 
gives a contribution to the correlator T^^p^iki^ k2, ^s, k^) which is proportional to: 

Qtp,sm(^h2h)j2{kuk^)M^{fi\h\) + Qi^^^^ (4.21) 
sin (^^1^2) ^2(^:3, k^jMpifilhl) + Ql ^ sm(]-kik2) J2{k3, k4)Ma{fJ'\k4\) 



+Qlp^sm(^hih)j2{k2,k^)MMh\) + Qlp,sm^ ■ 

Finally, the remaining diagrams give rise to terms which are proportional to the functions 
P^^ defined in ()2.5p . In order to calculate these contributions, we need the expressions for 
a few new integrals. Firstly, we need to consider the integral L((T, /3,7), defined in (jUTT)), 
for the case where a 7^ /? 7^ 7 but a + + 7 7^ 0. We find that: 

I i A 7) 1,,,,.,. = (^^ + ^^^^ )■ (4.22) 

It is also necessary to calculate several integrals containing four insertions of propagators. 
These integrals can be evaluated in a similar way to that used in the the calculation of 
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the integrals appearing in the three-point function calculation. For example, one needs 
to evaluate, for cr + /5 + 7 + 5 = 0, 



(27r)4 (p2 + ^2) [(p + + ^2] [(p + (3 + + ^2] [(p + ^ + ^ + 5)2 + ^2 



where 



5-(7 + (5) 



i5/3 



+ 7) \cr(5 (77/ (7(5 i{a'-)){a(3) 



(4.23) 



(4.24) 



and in the last line we have used the low-energy approximation kikj 0. Using such 




y 



>..... A 



Figure 8: This diagram contains two insertions of the triangle J -vertex. 

integrals, one sees the emergence of terms proportional to the J2- and Ja-functions defined 
in ()2.8j) and ()2.9|1 . respectively. We skip the details of the calculation, which is rather 
lengthy but, for example, the diagram shown in figure 8 produces a term containing 
M{k4) and which turns out to be proportional to the expressions 

cos(i(A;iA;4 — ^2^3)) — cos(i(A;iA;3 — ^2^:4)) cos{\{kik^ + k2k/Cj) — cos(i(/ci^3 — k2k4)) 



kik^ 



k^k^ 



+ 



kok. 



2K4 



(4.25) 

The previous expression ()4.25p is precisely equal to J^(ki,k2,k^) defined in ()2.9|) after 
imposing ^4 = — (A;i + ^2 + ^3)- 



5 Comparison to the result from the effective action 

We are now ready to compare our perturbative results with the expressions for the three- 
and four-point functions obtained from the effective action S^s = + S'^g , where S^^ 
and are given in ()1.4|1 and p.7j) . respectively. 
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We begin by considering the three-point function of background gauge fields. In this 
case, the full perturbative result is obtained by summing up ()4.6p with ()4.19|) . We elabo- 
rate further these expressions by first performing the sum over the spin j. For definiteness, 
we consider an AA = 1 supersymmetric theory with A^f adjoint chiral superfields, for which 

(E^^C'O-)) = -^(3-iVf). (5.1) 

j 

The case A^f = corresponds to pure Af = 1 super Yang-Mills; for A^f = 1,3 we have the 
M = 2 and A/" = 4 theories, respectively. Notice that, in the latter case, the contribution 
to the three-point function vanishes. Secondly, we observe that ()4.19j) was derived in the 
low-energy approximation kikj — >■ 0, with kikj fixed and finite. We also introduced a small 
infrared regulating mass /i. In order to compute the corresponding limit of ()4.(j|l . we note 
that this amounts to perform the following modification on the function T of ()4.5p : 

where the first arrow stands for equality after introducing the regulator ^ in the expression 
for T, and the second means equality in the limit fc^ — (at fixed |A;||A;|). 

Taking these observations into account, the one- loop perturbative expression for the 
three-point function, in the low-energy regime kikj and k^kj finite, is given by: 

r;!.^P^(fci,fc2,A:3) = iV2N{N, - 3) ^^^^ff (27r)^^W(fci + fc, + k,) (5.3) 

k2kz 

[5^%^''s{^i\h\) [k,,pii + huPll + KpII + (^2^3) gi,.p 



23 , u d13 , u d12 , U \ ^3 



pu ' '"Ciiy^ p^ ' '"op^ up. ' V'-z'^o/ p^pi/ 



This perturbative result ()5.3p should be contrasted with the result ()2.4|) (with C = 2aQ/N) 
obtained from the original expression (Hm) for the effect ive action, where, from the results 
of [9,10], it follows that 



-4(^a,Q)Ar = (3 - A^^AT , (5.4) 



the sum over j being extended only to fields in the adjoint. The expressions (15. 3|) and (jl.4|l 
differ in two respect. First, ()1.4j) contains the function T, whereas the perturbative result 
()5.3j) contains the function S. This is easily explained by remembering ()5.2|1 . i.e. that 
at low energy T — > 5*. Second, and more importantly, the perturbative expression ()5.3|) 
contains, in addition to the terms in ()2.4j) . also a contribution proportional to 

S{fi\h\) kpPll + 5^%'''' S{ii\k2\) kuPS + S'^'S^'' S{fi\k\) hpPll ■ (5.5) 
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This new contribution does not arise from the originally conjectured action S^J in ()1.4|) . 
However, as we have discussed in the introduction, this term is precisely reproduced 
by adding the contribution S^g in p.7|l to the original effective action term in p.4|l . 

Finally, we consider now the matching of the four-point function obtained from the 
effective action, Eqs. ()2.10p and ()2.11|) . against the perturbative calculation presented in 
the previous section. We will find that the perturbative calculation is precisely reproduced 
by the effective action Ses = S^^ + S^^ , where S^,^ and S^^ are the expressions in ()1.4|) 
and (fTTjl -Q 

Feynman diagrams in figure 6 (and its permutations) generate the contribution ()4.2()j) . 
which precisely matches the terms in our expression ()2.1U|) which contains d^pdua and no 
insertions of P and Q functions. Similarly, the first three terms in ()4.21|) precisely re- 
produce the terms generated by 5*^^ containing both the T{ki) and Q functions. The 
remaining terms in ()4.2H1 correspond to terms produced by S^q (see (12.1111 ). when we 
consider the low-energy limit cos{^kikj) — >■ 1 and sin(|fcjfcj) — >■ ^kikj. Finally, as antici- 
pated in the previous section, combinations of the remaining Feynman diagrams reproduce 
those terms in S^s that contain the P function. 

Summarising, we have a complete agreement between the low-energy limit of the 
perturbative calculation of three- and four-point functions in the microscopic theory, and 
the corresponding result obtained from the low-energy effective action Ses = + . 
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^In particular, the four-point function calculation discriminates between the terms 1)1. 7|l and 
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Appendix A: notation and conventions 



We consider theories defined by the noncommutativity relation 

[x^',x''] = (A.l) 

where we choose 6^^ to be purely space-space, i.e. 6*°* = 0. The Moyal star-product is 
defined as ^ ^ 

{<i)i<i)){x) := (^(x)e5^""'^-^-^/'(x) . (A.2) 

Noncommutative field theories can then be regarded as ordinary field theories where the 
usual product of fields is replaced by the star-product ()A.2|) . The relation 



gi(fclH \-kn)x 2^ 

is also repeatedly used in the calculations, where we define := O^^ky. 

For calculations involving the gauge group U{N), we introduce anti-hermitian gener- 
ators in the fundamental representation as t^, A = (0, a), where a = 1, . . . , A^^ — 1 labels 
the SU{N) generators, and t° = {l/iV2N)lN. Then 

Tr(t^t^) = . (A.4) 

The generators satisfy 

f^^'^' (d"^^'^) is completely antisymmetric (symmetric) in its indices; f"'^'^, d°'^'^ are the 
same as in SU{N), and f^' = 0, d^^^ = y/2jN 6^^, d^^" = 0, = ^/2/N. 

Given 0i = (pit^, 02 = 0^^"^, it is convenient to re-express [0i,02]* as 

[01, 02]. = I 0f }. /^^^ - 0f ]. rf^"^^) ■ (A.6) 

Finally, we define our euclidean o"^ and matrices as = (io""*, 12x2), and = 
[—ia^, 12x2), where o"™ are the three Pauh matrices. We also use = \{(T^ay — au^fj,) = 
iri'^^a"', and a^u = ^{a^au — a^a^) = if]'^^a"', where r]'^^ and fj'^^ are the self-dual and 
antiself-dual 't Hooft symbols, respectively [46]. 
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